ON THE TOPOLOGY OF SEMI- ALGEBRAIC FUNCTIONS 
ON CLOSED SEMI-ALGEBRAIC SETS 



NICOLAS DUTERTRE 

Abstract. We consider a closed semi-algebraic set X C K" and a 
semi-algebraic function / : K" — > R such that f^x has a finite number 
of critical points. We relate the topology of X to the topology of the 
sets {/ * a}, where * G {<, —, >} and a G R, and the indices of the 
critical points of f^x and ~f\x- We also relate the topology of X to the 
topology of the links at infinity of the sets {/ * a} and the indices of 
these critical points. We give applications when X — R" and when / is 
a generic linear function. 



1. Introduction 

Let / : (M^jO) (1^,0) be an analytic function-germ with an isolated 
critical point at 0. The Khimshiashvili formula [Kh] states that: 

x{f-\6) n B^^) = 1 - sign(-5)"degoV/, 

where < \6\ <^ e <^ 1, is a closed ball of radius e centered at 0, V/ 
is the gradient of / and degoV/ is the topological degree of the mapping 
l^jl : S^~^ S"'^^. As a corollary of this formula, one gets (see [Ar] or 
[Wa]): 

x{{f<0}nSr')=l-degoVf, 
x{{f > 0} n sr') = 1 + (-l)"-MegoV/, 

and: 

x{{f = 0} n S^-^) = 2- 2degoV/ if n is even. 

In [Se], Sekalski gives a global counterpart of Khimshiashvili's formula for 
a polynomial mapping / : ^ M with a finite number of critical points. He 
considers the set Af = {Ai, • • • , A^} of critical values of / at infinity, where 
Ai < . . . < Afc, and its complement M \ Aj = uf^gJAi, Aj+i[ where Aq = — oo 
and Xk+i = +00. Denoting by r^{g) the numbers of real branches at infinity 
of a curve {g = 0} in M^, he proves that: 

k k 

deg^V/ = 1 + Y.r^{f - A.) -Y^r^if - A+), 

i=l i=0 
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where for i = 0, . . . Xj^ is an element of jAj, Aj+i[ and degooV/ is the 
topological degree of the mapping : S'^^^ — >■ i? S> 1. Here a real 

branch is homeomorphic to a neighborhood of infinity in R and hence has 
two connected components. 

Our aim is to generalize Sekalski's formula and to establish other similar 
results. We consider a closed semi-algebraic set X C M" equipped with a 
finite SGnii-a,lgcbra,ic Whitney strcitificcition (*S*Q)fj and a C scmi-algcbraic 
function / : M" M such that /|x has a finite number of critical points 
pi,. . . ,Pl. The index of f\x at Pi is defined by: 

md{f,X,p,) = i-x{xn{f = f{p^) -6}n Bl\p,)), 

where < 5 -C e -C 1. In Section 3, Proposition 3.6 and Corollary 3.7, we 
give relations between the Euler characteristics of the sets {/ * a}, where 
* G {<, =, >} and a <E ffi, the indices of the critical points of f\x and —f\x 
and four numbers Xj^a, X-f,-a, fJ'f,a and fi-f-.a- These numbers arc defined 
in terms of the behavior of f^x at infinity (Definition 3.5). Then we consider 
the following finite subset of R: 

A} = |a G M I ^ ^ x(Lk~(X n {/ * /?})) is not constant 

in a neighborhood of a|, 

where * G {<,=,>} and Lk°°(— ) denotes the link at infinity. Writing 
Aj = {bi, . . . , br}, M \ Aj = Ul^olbi, with bo = — oo and br+i = +oo 
and studying the behavior at infinity of the numbers Aj-^^, A_^^_a, A*/,a and 
fi-f-^aj we show that (Theorem 3.16): 

k r 

X{X) = J2^nd{f,X,pi) + J]x(Lk°°(X n {/ < 6+})) 

i=l j=0 

-X;x(Lk-(Xn{/<6,})), 

where for j G {0, . . . ,r}, b^ £]bj,bj^i[. Similar formulas involving Aj and 
A J are proved in Theorem 3.17 and Corollary 3.18. 

Next we consider the finite subset Bj = f[{pi, ■ ■ ■ ,pi})uAjUAj of R. We 

show that a a ^ Bf then the functions /3 ^ {f * f^}) ; * ^ {<> =) >}) 

are constant in a neighborhood of a (Proposition 3.19). In Theorem 3.20 
and Theorem 3.21 we express x(^) iii terms of the indices of the critical 
points of /|x and —f\x and the variations of the Euler characteristics of the 
sets {/ * a}, a G {<, =, >}. 

In Section 4, we apply all these results to the case X = R" in order to 
recover and generalize Sekalski's formula (Theorem 4.4). 

In Section 5, we apply the results of Section 3 to generic linear functions. 
For V G S"'~^, we denote by v* the function v*{x) = {v,x). We show that 
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for V generic in , the sets A-*, A^* and A-, are empty. Hence for such 
a V, the Euler characteristics of the sets X fl {u*?a}, ? G {<,=,>} and 
a G M, as well as the Euler characteristics of their links at infinity, can be 
expressed only in terms of the critical points of v*-^ and —v*-^ (Proposition 
5.4 and Proposition 5.5). We use these results to give a new proof of the 
Gauss-Bonnet formula for closed semi-algebraic set (Theorem 5.8), that we 
initially proved in [Dut3, Corollary 5.7] using the technology of the normal 
cycle [Fu] and a deep theorem of Fu and McCrory [FM, Theorem 3.7]. 

Section 2 of this paper contains three technical lemmas. 

We will use the following notations: for p € M" and e > 0, B'^{p) is the 
ball of radius e centered at p and S'^~^{p) the sphere of radius e centered at 
p. li p = 0, we simply set i?" and and if p = and e = 1 we use the 

standard notations and S'^"^. If 5 is a subset of M" then £ denotes its 
topological interior. 

2. Some lemmas 

Let X C be a closed semi-algebraic set equipped with a semi-algebraic 
Whitney stratification {Sa)a&A'- X = U^e^^a. Let 5 : M" M be a 
semi-algebraic function such that g~^{G) intersects X transversally (in the 
stratified sense). Then the following partition: 

X n {5 < 0} = □ s« n {5 < 0} u □ s« n {5 = 0}, 

a£A aGA 

is a Whitney stratification of the closed semi-algebraic set X D {g < 0}. 

Let / : M" — >■ M be another semi-algebraic function such that /|xn{g<o} 
admits an isolated critical point pin Xr\{g = 0} which is not a critical point 
of f\x- If S denotes the stratum of X that contains p, this implies that: 

V(/|5)(P) = A(^>)V(5|5)(P), 

with X{p) ^ 0. We assume that f\{g=o} is a submersion in the neighborhood 
of p if dim S < n and, for simplicity, that f{p) = 0. 

Lemma 2.1. For < S <^ e <^ 1, we have: 

x{rH-S) n Bi\p) nxn{g<o}) = itf A(p) > o, 
x{r\-S)nB^{p)nxn{g<o}) = 

x{r\-5) n B^ip) n X n {5 = 0}) if x{p) < o. 

Proof. We assume first that dim X < n. Let : — >■ M be a semi- 
algebraic approximating function for X from outside (see [BK, Definition 
6.1]). This implies that h satisfies the following conditions: 

(i) The function h is nonnegative and h^^{0} = X. 
(n) The function h is of class on \ X. 

(iii) There exists S > such that all t £]0,S] are regular values of /. 
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(iv) If (?/fc)fceN is a sequence of points in tending to a point x in X 
such that h{yk) E]0,S] and ^ ^^ ^ {y^) tends to v, then v is normal to 
TxS, S being the stratum containing x. 

Let us choose e sufficiently small so that the ball B^,{p) intersect X, {g < 0} 
and Xn{g < 0} transversally for e' < e. For r > sufficiently small, the set 
We^r = B'^{p) n {51 < 0} n {/i < r} is a manifold with corners. To see this, 
it is enough to prove that r is not a critical value of ^|Bj'(p)n{ff<o}5 which 
means that r is not a critical value of: 

^1 = ^|B?(p)n{g<0} ' ^2 = /i|Bn(p)n{p=0} ' ^3 = ^|5?-i(p)n{ff<0}' 

and: 

/l4 = /i|5n-i(p)n{s=0}- 
The fact that r is not a critical value of hi is trivial by Condition (iii) above. 
If for r > small, r is a critical value of /i2 then we can find a sequence of 
points {qn) in B^{p) Pi {g = 0} such that h{qn) — >■ and /i|{g=o} admits a 
critical point at Applying Condition (iv) above, we see that there exists 
a point q in B^^{p) r\ X {g = 0} such that g~^{0) does not intersect X 
transversally at g, which is impossible. Similarly, we can prove that r is not 
a critical value of /13 and /i4. 

Let 5 be such that < (5 ^ e and the fibres f~^{—5) and f~^{5) intersect 
^ C {5 < 0} n B^{p) transversally. This is possible since / has an isolated 
critical point &t p on X (1 {g < 0}. Let us study the critical points of 
f\W,,r and f\We,rn{g=0} lying in f~'^{[-5,5]), when r is small. Always using 
Condition (iv) above, we can see that they only appear in {h = r} D {g = 
0} n B2(p). Furthermore, with the terminology introduced in [Dut2,§2], if 
X{p) > then they are all outwards for f\Ws^- If -^(p) < then such a critical 
point is inwards for /|^^ ^ if and only if it is inwards for /|^^ ^n{g=o}- Moving 
/ a little, we can assume that these critical points are non-degenerate for 
/|{/i=r}n{g=0}nB?(p)- Applying Morse theory for manifolds with corners, if 
X{p) > then we get: 

x{r\[-s, 6]) n We,r) - x{r\-5) n w,^r) = 0. 

If A(p) < then we get: 

x{r\[-5,5])r^We,r)-x{r\-5)r^W,^r) = 
x{r\[-s, s]) n {5 = 0} n w,,r) - x{r\-S) n {5 = 0} n w,,,). 

We conclude remarking that: 

x{r\[-S, 6]) n w,,r) = x{rH[-S, 6])nxn{g<o}n B^{p)) = 

x{f-\o)nxn{9<o}nB2(p)) = i, 

x{r\-S) n w,,r) = x{r\-S) n X n {5 < 0} n B^{p)) , 
x{r\[-S,S])n{g = o}nw,,r) =x{r\[-S,S\)nxn{g = 0}nB^{p)) =1, 
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and: 

x{r\-S) n{g = o}n w,,r) = x{r\-S) nxn{g = o}n B^{p)), 

if r is sufficiently small. 

If dim X = n then we apply the previous case to the semi-algebraic set 
X X {0} C M"+^ and the functions F and G defined by F{x,t) = f{x) + t 
and G{x, t) = g{x), where (x, t) is a coordinate system of R"'+^ = R"- x R. 

□ 

This lemma was inspired by results on indices of vector fields or 1-forms 
on stratified sets with boundary (see [KT] or [Sc, Chapter 5]). 

Let M C R" be a semi-algebraic manifold of dimension k. Let / : 
M" — )■ M be a semi-algebraic function. Let be the critical set of 
f^M- For = {o-ij ■ ■ ■ ■> On) € I^") we denote by pa the function Pa{x) = 

h Z^r=i(^i ~ ^i)^ F/a following semi-algebraic set: 

rf„ = {x G M I rank[V(/|M)(a:), V(pa|M)(^)] < 2} . 

Lemma 2.2. For almost all a G M", ^Ya \ ^/^ ^ smooth semi- algebraic 
curve (or empty). 

Proof. Let Z be the semi-algebraic set of x M" defined as follows: 

Z = a) G X R" I X G M \ and 

rank[V(/|M)(x),V(/9„|M)(a;)] < 2}. 

Let (x, a) be a point in Z. We can suppose that around x, M is defined 
by the vanishing oil = n — k semi- algebraic functions gi, . . . ,gi of class C^. 
Hence in a neighborhood of (x, a), Z is defined by the vanishing of gi, . . . , gi 
and the minors: 

d{gi,---,gi,f,Pa) 
Xi^ , . . . , Xi^j^2 ) 

Furthermore since x belongs to M \ S^, we can assume that: 

a(xi,...,Xi,Xi+i) 

Therefore Z is locally defined by 51 = . . . = (7; = and: 

Q(gl, ■■■,91, f, Pa) ^ . . . ^ ^(gi, ■■■,91, f. Pa) ^ Q 
9(xi, . . . ,X;+i,Xi+2) 3(xi,...,Xi+i,X„) 

(see [Dutl,§5] for a proof of this fact). Since the gradient vectors of these 
functions are linearly independent, we see that Z is a smooth semi-algebraic 
manifold of dimension 2n — {I + n — {I + 2) + I) = n + 1. Now let us 
consider the projection 112 : Z R", (x, a) 1— t- a. Bertini-Sard's theorem 
(see [BCR, Theoreme 9.5.2]) implies that the set D.,^^ of critical values of 
7r2 is a semi-algebraic set of dimension strictly less than n. Hence, for all 
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a ^ 1)^2 ) ^2 (^) is ^ smooth semi-algebraic curve (maybe empty) . But this 
set is exactly r^„\S^. □ 
Now consider a semi-algebraic set y C M of dimension strictly less than 
k. We will need the following lemma. 

Lemma 2.3. For almost all a G W, {Vf^^ \ Ef) D Y is a semi-algebraic set 
of dimension at most 0. 

Proof. Since Y admits a finite Whitney semi-algebraic stratification, we 
can assume that Y is smooth of dimension d < k. Let W be the semi- 
algebraic set of R" X R" defined by: 

W = ^{x, a) xW \ X eY\J:f and 

rank[V(/|M)(a;),V(pa|M)(a;)] < 2}. 

Using the same method as in the previous lemma, we can prove that 11^ is a 
smooth semi-algebraic manifold of dimension n + l + d — k. We can conclude 
as in the previous lemma, remarking that d — k < —1. □ 

3. Topology of semi-algebraic functions 

For any closed semi-algebraic set equipped with a Whitney stratification 
aeA^ai we denote by Lk°°(^) the link at infinity of X . It is defined 
as follows. Let p : M" ^ M be a proper semi-algebraic positive function. 
Since p\x is proper, the set of critical points of p\x (in the stratified sense) 
is compact. Hence for R sufficiently big, the map p : X n p~^ {[R, +oo[) — > R 
is a stratified submersion. The link at infinity of X is the fibre of this 
submersion. The topological type of Lk°°(X) does not depend on the choice 
of the function p. Indeed, if po and pi : R" — >^ R are two proper semi- 
algebraic functions then XPlpg ^(i?o) ^ind Xnp'^^{Ri) are homeomorphic for 
i?o and Ri big enough. To see this, we can apply the procedure described 
by Durfee in [Dur]. First we remark that, applying the Curve Selection 
Lemma at infinity [NZ, Lemma 2], for each stratum Sa of X, the gradient 
vector fields V(/9o|5^) and V(/9i|5^) do not point in opposite direction in a 
neighborhood of infinity. Next we choose Rq and Ri sufficiently big so that 
Pq^{[Ro,+oo[) C Pi^dRij+ool) and all the gradient vector fields V{po\Sa) 
and V(pi|5 J do not point in opposite direction in Pq^{[Ro, +oo[). Then the 
function p : {pq^{[Ro, +oo[) \ p7^([i?i, -Foo[)) n X -)■ [0, 1] defined by: 

Ri - pi{x) + po{x) - Ro' 
is a proper stratified submersion such that p~^{0) = X r\ Pi^{Ri) and 

p-Hi) = xnp,\Ro). 

Let / : R"" — )• R be a semi-algcbraic function such that f\x : ^ ^ R 
has a finite number of critical points (in the stratified sense) pi,...,pi. For 
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each Pi, we define the index of /[x at pi as follows: 

md{f,X,pi) = i-x{xn{f = f{pi) - 5} n B^^{p,)), 

where < (5 <S £ <S 1. Since we are in the semi- algebraic setting, this index 
is well-defined thanks to Hardt's theorem [Ha]. The following theorem is 
well-known. 

Theorem 3.1. If f\x is proper then for any a G R", we have: 

x{Xr\{f>a})-x{Xf^{f = a])= ind(/,X,pi), 

«:/{Pi)>a 

and: 

n {/< a}) -x(Lk-(Xn {/<«})) = ind(/,X,p,)- 

Proof. We use Viro's method of integration with respect to the Euler 
characteristic with compact support, denoted by Xc- 

For all X ^ X, let '^{x) = Xc{X H / ""^(-"^ ) H where x^ is a regular 

value of / close to f{x) with x~ < f{x). Applying Pubini's theorem [Vi, 
Theorem 3. A] to the restriction of / to X fl {/ > a}, we get: 

/ ^{x)dxc{x) = i ip{x)dxc{x) dxc{y)- 

Jxn{f>a} J]a,+oo[ \Jf-Hy) J 

For any y G M, let y~ be a regular value of f\x close to y with y~ < y. Let 
us denote by . . . , the critical points of f\x lying in f~^{y). We have: 

xc{x n f-\y-)) = xc{x n f-\y-) \ uUB^{zi))+ 

s 

Yxc{xnf-\y-)nB-{zi)) = 

i=l 

s 



Xc{X n f-\y) \ UUB^izi)) + Y fi^i) = 

1=1 

s 

Xc{X n f-\y) \{zu..., zs}) + Y fi^i) = 

i=l 

Ixnf-Hy)\{z^,...,z,} ^ix)dxcix) + Ei=i fi^i) = If-^y) 'P{x)dxc{x). 
Let us write: 

]a, +oo[=]a, ai] U ]ai, Q2] U . . . U ]aj-i, aj] U ]aj, +oo[, 

where ai, . . . ,aj are the critical values of /|x strictly greater than a. Since 
Xc{]ak,ak+i\) = and f\xn]ak,ak+i[ is locally trivial, we obtain that: 

/ ip{x)dxc{x) = -xcix n f-\p)), 

Jxn{f>a} 
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where /3 is a regular value of / strictly greater than aj and therefore: 
Xc{xn{f>a})+xc{xnf-\p))= md(/,X,pi)- 

i-f{Pi)>a 

Applying this equality to a = ^ and using the local triviality of f^x over 
\J3, +oo[, we get: 

Xc{x n {/ > p}) +xc{xn r\p)) = o. 

Therefore: 

xc{x n {f > a}) + xc{x n f-\p)) = 
Xc{xn{a <f< p})-xc{xn{f = a})-xc{xn{f > p})+xc{xnf-\p)) = 
x{xn{a<f<p})-x{xn{f = a}). 

To conclude, wc remark that, since /|xn{/>Q} is proper and locally trivial 
over [P, +00 [, X f] {a < f < P} is a deformation retract of X n {a < /}. 
The second equality is proved with the same method and the fact that 
Xc{y) = x(^) - x(Lk°°(>^)) for any closed semi-algebraic set Y C M". □ 
The following corollaries are straightforward consequences of the previous 
theorem. 

Corollary 3.2. // f^x is proper then for any a G M, we have: 
x{X(^{f = a}) = x{X)- ind(/,X,p,)- ^ ind(-/, 

r-f{Pi)>oi i:f(j>i)<a 

and: 

x{Xn{f>a})-x{Xn{f<a})= J2 ind(/,X,pO- 

i-f{Pi)>ce 

J2 ind{f,X,pi). 

i--f{Pi)<a 

□ 

Corollary 3.3. // /|x is proper then for any a G M", we have : 

I 

x(Lk~(X n {/ < a})) = x{X) -Y,'^Tid{f,X,pi). 

i=l 

□ 

Corollary 3.4. // f\x is proper then we have: 

I I 

2x(X)-x(Lk-(X)) =^ind(/,X,p,)+^ind(-/,X,p,)• 
^=l 1=1 
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□ 

Now we want to investigate the case when f\x is not proper. Keeping the 
notations of the previous section, for a G M", we define and Ff^a by: 

rf, = {xeX\ rank[V(/|5)(x), V(pa|5)(x)] < 2 

where S is the stratum that contains a;|, 

r/^„ = {xeW\ rank [V/(x), V/9„(x)] < 2} . 
By Lemma 2.2, wc can choose a such that F^^^ is a smooth semi-algebraic 
curve outside a compact set of X. Applying Lemma 2.3 to M = M" and 
Y the closed semi-algebraic set defined as the union of the strata of X of 
dimension strictly less than n, we can choose a such that ^^'^ ^f,a- 
not intersect outside a compact set of Y. Let us fix a G M and i? 3> 1 such 
that: 

(1) X n B'^{a) is a deformation retract of X, 

(2) X n {f * a} O B^{a) is a deformation retract of X fl {/ * a} where 
*€{<,=,>}, 

(3) S'^ ^(a) intersects X and X {f * a} transversally, 

(4) F^^ n S'^~^{a) is a finite set of points , • • • , g^, 

(5) pi,...,pieBi{a). 

For each j G {1, . . . , m}, q^^ is a critical point of f\xnS"~^{a) ^'-'^ ^ critical 
point of f\x- Hence there exists /j,^ such that: 

V(/|5)(9f)=MfV(p„|5)(0' 
where S is the stratum that contains gj^. 

Definition 3.5. We set: 

Xf,a= Yl md(/,XnS--Ha),gf), 

Mf<0 

/x/,«= J2 ind(/,XnS^-i(a),gf), 
z._^,c«= E ind(/,Xn5^-Ha),gf). 

j;/(q«)<Q 

The fact that A/^^, jU/^a and i'/^q do not depend on R will appear in the 
next propositions. Let us remark that if /J,^ < then f{qf) decreases to 
— oo or to a finite value as R tends to +oo, and that if > then f{qf) 
increases to +cx) or to a finite value as R tends to +oo. This implies that 
when /|x is proper, the numbers A/^q and ^f^a vanish. 
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Proposition 3.6. For any a € M, we have: 

x{Xn{f>a})-x{Xn{f = a})= md(/,X,p,) + A/,«, 

i-f{Pi)><x 

and: 

x{Xn{f<a})-x{Xn{f = a})= J2 md(-/,X,pi) + A-/,-a- 

i-f{pi)<a 

Proof. We apply Theorem 3.1 to /|xnBg(a) ^^^d we get: 

x{x n B^{a) n {/ > a}) - x{x n B^{a) n {/ = a}) = 

J2 md(/,X,p,)+ ^ ind(/,XnSS(a),gf), 
i:f{pi)>a j--f{qf)>a 

and: 

x(x n SS(a) n {/ < a}) - n B^a) n {/ = a}) = 

J] md{-f,X,pi)+ J2 md(-/,Xn5^(a),gf). 

i:f{pi)<a j--f{qf)<a 

Since ^'^'^ ^ />« '^^^ intersect outside a compact set of Y, we can use 
luate ind{f,X n B^{a),qj , , , 

^ n thpn wp tiavp- 



Lemma 2.1 to evaluate ind(/,X n B\{a),qf) and ind(-/,X n B\{a),qf). 
Namely, if [i^ > then we have: 



md{f,XnBUa),qf)=0, 

and: 

ind(-/,X n BUa),qf) = ind(-/,X n S'^-\a),qf). 
If /xj^ < then we have: 

ind(/, X n 5]|(a), ) = ind(/, X n ^^-^(a), ), 

and: 

mdi-f,XnB^{a),qf) = 0. 

Moreover, by our choice on R, x{X fl B^{a) fl {/ * a}) = x{X D {f * a}) 
for * G {<,=,>}. □ 

Corollary 3.7. For any a G M, we have: 

x{Xn{f = a})=x{X)- Yl ind(/,X,pi)- ^ ind(-/,X,pO 

i-f(Pi)>ce i:f{pi)<a 

and: 

x{Xn{f>a})-x{Xn{f<a})= Yl md(/,X,pi) + A/,a 

i-f{Pi)>ce 

- Y ind(/,X,pi) - A_/_„. 

i'-f{Pi)>ce 
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□ 

It is also possible to write indices formulas for x(Lk°°(X fl {/ * a}), 
*€{<,=,>}. 

Proposition 3.8. For any a eR, we have: 

I 

x(Lk~(X n {/ < a}) = x{X) - ^ind(/,X,pO - A/,, + f^f,a, 

1=1 

I 

x(Lk°°(X n {/ > a}) = x{X) - ^ ind(-/, X,pi) - A_/,_« + 

1=1 

Proof. By Theorem 3.1 applied to /|xn5"~^(a)' ^® have: 

x{Lk°°{Xn{f<a})=i^f,a + i^f,a, 
and, by Corollary 3.3 applied to fixnB'^ia) by Lemma 2.1: 

I 

i=l 

because f~^{a) intersect XnS^^{a) transversally. Similarly, we can write: 
x(Lk°°(X n {/ > a}) = + 

and: 

□ 

Corollary 3.9. For any a E'R, we have: 

I 

x(Lk~(Xn{/ = a}) =2x(X)-x(Lk~(X)) -Xmd(/,X,p,) 

i=l 

I 

- X ind(-/, X,Pi) - A/,a + Hf^a - >^-f-a + l^-f-a- 
i=l 

□ 

In the sequel, we will use these results to establish relations between xl^)) 
the indices of the critical points of f\x and —f\x and the variations of the 
Euler characteristics x(Lk°°({/ * «})) > where * G {<, =, >} and a G M. We 
start with definitions. 

Definition 3.10. Let Af be the following set: 

= {a G R I iiT- such that \\xn\\ +oo and f{xn) a}- 
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Since TJ^ is a curve, Ay is clearly a finite set. The set Aj was introduced 
and studied by Tibar [Til] when X = and / : — )■ R is a polynomial. 
Following his terminology, Ay is the set of points a such that the fibre /"^{a) 
is not pa.-rcgular. 

Definition 3.11. Let * G {<,=,>}. We define Ay by: 

aeR\ x(Lk°°(X n {/ * /?})) is not constant 

in a neighborhood o/q;|. 

Lemma 3.12. The sets Aj, Aj and Aj are included in Ay. 

Proof. If a does not belong to Ay then we can find a small interval 
] — 5 + a,a + 5[ such that TJ^ and f~^{] — 5 + a,a + 5[)riX do not intersect 
outside a compact set of X. Then we can choose i? ^ 1 such that for all 
P e]-S + a,a + S[, Lk°°(X n {/ * = X n {/ * /?} n 5^-^(a). But / 
has no critical point in X n {—5 + a<f<a + 5}ri S'^^'^'^{a), so the Euler 
characteristics l~l {/ * /3}) are constant in ] — 6 + a, a + 5[. □ 

Corollary 3.13. The sets Aj, Aj and Aj are finite. 

□ 

Lemma 3.14. We have: Aj c AjUAj, Aj c Aj U Aj , Aj c AjUAj. 

Proof. If a ^ Aj U Aj, then /3 ^ x(Lk°°(X n {/ < /?})) and /3 
x(Lk°°(X n {/ > /?})) are constant in an interval ] — S + a,a + S[. By the 
Mayer- Victoris sequence, P x(Lk°°(X n {/ = ^})) is also constant in 

]~5 + a,a + S[. □ 

Corollary 3.15. We have: Aj[jAj = AjUAj = AjUAj. 

□ 

Since Aj is finite, we can write Aj = {bi, . . . , br} where fei < 62 < . . . < 6^ 
and: 

M\ =] - 00,6i[ U ]6i,62[ U---U ]6r-l,&r[ U ]br,+oo[. 
On each connected component of R\Aj, the function /3 i-)- x(Lk°°(Xn{/ < 
/3}) is constant. For each j G {0, . . . ,r}, let 6^ be an element of ]bj,bj+i[ 
where bo = —00 and 6^+1 = +00. 

Theorem 3.16. We have: 

k r 

X{X) = J]ind(/,X,p,) + ^x(Lk-(X n {/ < 6+})) 

i=l j=0 

-X:x(Lk~(Xn{/<6,})). 
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Proof. Assume first that Ay = Aj. Let us choose R ^ 1 such that 
X n B^{a) is a deformation retract of X, {pi, . . . ,pi} C B^{a) and: 

We have n S'^'^ia) = {gf , . . . , q^}. Let us recah that: 



where S is the stratum that contains qj. By Corollary 3.3 and Lemma 2.1, 
we can write: 

I 

X(X) = ^ind(/,X,p,)+ ^ ind(/,XnSr\a),gf). 



We can decompose the second sum in the right hand side of this equality 
into: 

ind{f,XnS''^-\a),qf), 



and: 



J2 E md(/,Xn5^-i(a),gf). 



i=l j:iJ.f<0 

Let us fix i in {1, . . . ,r} and evaluate Yl j:m^<o X fl S']^~^(a), 



Since < 0, the points gj^ lie in {/ > Let us choose R :$> 1 and 6^ 
close to bi in such that: 



along Sj 



n{||x-a|| >i?}cri(]6i,6+[)n{||ar-a|| >i?}, 



and X{^{f < bi} (resp. Xr\{f < 6+}) retracts by deformation to X n {/ < 
bi] n Sg(a) (resp. X n {/ < 6/"} fl Sg(a)). Hence, we have: 

x(Lk-(x n {/ < 6+})) - x(Lk°°(x n {/ < 60)) = 

x{x n {/ < 6+} n Sl-\a)) - x{x n {/ < 6J n ^^-^(o)) = 

E ind(/,Xn5S-na),gf)= E md(/,XnSS-i(a),(zf). 

j:/(9f)e]bi,6+[ 



It remains to express ^ j:,i«<o ind(/, X fl S]^ ^(a),gj^). Let us choose 

i? ^ 1 and bg in] — oo, 6i[ such that: 



U j;/— > — oo jSj 
along Bj 



n {llx -a|| > i?} C /"^(] -oo,b^[) n {||a; - all > i?} , 
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X n {f < bg} retracts by deformation to X f] {f < b^} D B'}^{a) and: 
[Jr.f^-ooBj n{||a;-a|| > R} C /"^(]6(}", +oo[) n {||a; - a|| > R} . 

along Bj 

By Theorem 3.1, we can write: 

x(Lk-(x n {/ < 6+})) = x{x n {/ < b+} n s^^a)}) = 

J2 ind(/,XnSr'(a),gf)= Yl md(/,Xn5r'(a),gf). 



/(gf)^-oo 



To get the final result, we just remark that if 6 ^ Aj then: 

x(Lk~(x n {/ < 6+})) - x(Lk~(X n {/ < 6})) = 0. 

□ 

Similarly, Aj = {ci, . . . , Cg} with ci < C2 < ■ ■ ■ < Cg and: 

R\Aj =] -oo>ci[ U ]ci,C2[U---U]cs„Cs[ U ]cs,+oo[. 
For each i E {0, . . . , s}, let be an element in Jcj, Ci+i[ with cq = — oo and 

Cs+l = +00. 

Theorem 3.17. We have: 



I 



X{X) = ^ind(-/,X,p,) + ^x(Lk-(X n {/ > c+})) 

i=l j=0 



s 



-^x(Lk-(xn{/>c,})). 

Proof. Same proof as Theorem 3.16. □ 
Let us write Aj = {di, . . . , df} with di < ^2 < . . . < cit and: 

M\A7 =]-oo,di[U]di,d2[U---U]dt^,dt[ U ]dt,+oo[. 

For each i E {0, . . . ,t}, let be an element in ]di, 

Corollary 3.18. We have: 

I I 
2x{X) - x(Lk~(X)) = ^ ind(/, X,pi) + ^ ind(-/, X,pi)+ 

i=l i=l 

^x(Lk~(x n {/ = 4})) - ^x(Lk°°(x n {/ = cZ,})). 

i=o i=i 

Proof. Assume that A j U A j = A J . We have: 

/ t 
X{X) = ^ind(/,X,p,) + ^x(Lk°°(^ n {/ < d+})) 

i=l j=0 
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-^x(Lk~(xn{/<d,})), 



X(X) = ^ind(-/,X,pi) + ^x(Lk~(X n {/ > 4})) 

i=l j=0 

t 

-^x(Lk-(xn{/>d,})). 

i=i 

Adding these two equalities and using the Mayer- Vietoris sequence, we ob- 
tain the result when AjUAj = Aj. But if dj ^ Aj then x(Lk°°(X n {/ = 
d+})) - x(Lk°°(X n {/ = dj})) =0. □ 
By Hardt's theorem, we know that there is a finite subset B(f) of M such 
that f\xnf-^{B(f)) is a semi-algebraic locally trivial fibration. Hence outside 
B{f), the function /3 x(-^I^{/ = P}) is locally constant. In the sequel, we 
will give formulas relating the topology of X and the variations of topology 
in the fibres of /. Let us set B{f) = f{{pi, ■ ■ ■ ,Pi}) U A j U Aj. This set is 
clearly finite. 

Proposition 3.19. If a ^ B{f) then the following functions: 

p^x{xn{f*p}), *€{<,=,>}, 

are constant in a neighborhood of a. 

Proof. We study the local behaviors of the numbers Aj^q and /ij^^, a G R. 
We denote by (resp. a~) an element of ]a, +00 [ (resp. ] — 00, a[) close to 
a. If i? » 1 is big enough and a'^ is close enough to a then in S'^^{a)r]{a < 
f < a"^}, there is no points gj^ such that V(/|s)(gj^) = IJ'f'^{Pa\s){Qj^) with 
> because f{qf) decreases to a as i? tends to infinity. Hence if q;+ 
is close enough to a then = In the same way, we can show 

that Xf^a- = -^Z,"- Applying tl^is argument to — / and —a, we see that 
X-f-a+ = X-f,-a and n_f_a- = jJL-f-a- H a ^ B{f) then, by Proposition 

3.8, Ajq,+ = Xf^a, l^f,a- = '^-/.-a" = and ^l-f-a+ = l^-f-a- 

The formulas established in Proposition 3.6 and Corollary 3.7 enable us to 
conclude. □ 
Let us write B{f) = {71, . . . , 7^} and: 

R \ B{f) =] - oo,7i[ U ]7i,72[ U • • • U hu-i,lu[ U ]ju, +oo[. 
For i G {0, . . . ,u}, let 7^^ be an element of ]7i,7j+i[ where 70 = —00 and 

lu+l = +00. 

Theorem 3.20. We have: 

I I 
X(X) = ^ind(/,X,pi) + Y^ind{-f,X,pi) + 

i=i i=i 
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u u 

^x{xn{f = j^})-^x{xn{f = jk}). 

fc=0 k=l 

Proof. Let us assume first that B{f) = f{{pi,---,pi}) U Aj, i.e that 
Aj U Aj = Af. For k € {1, . . . , u}, we have by Corollary 3.7: 

x(Xn{/ = 7ik}) =X(X)- Yl ind(/,X,pi)- E md(-/,X,pi)- 

i-fij>i)>lk i-f{Pi)<lk 

x(Xn{/ = 7^}) =X(X)- ^^<^if,X,Pi)- Y ind(-/,X,;>,)- 

hence: 

x{xn{f = 7+}) - x(^ n {/ = 7fc}) = 

i:/(Pi)=7fe 

because as already noticed, A_ r + = A_/,_^j.. If 7^ does not belong to A/ 

J ' !k ' 

then Aj^+ = A/^^^.. If 7^ belongs to A/ then: 



S(if)^-ik 



Therefore, 

X n {/ = 7fc+}) - x(^ n {/ = 7fc}) = - X ind(-/, 
fe=l 1=1 

5^ 5^ ind(/,XnSr\a),9f). 

By Corollary 3.7, we have: 

I 

X{X n {/ = 7o+}) = X{X) -J2^nd{f,X,pi) - A^_^+ - A_^_^+. 

i=l 

But we remark that: 

^/,7o+= E E md(/,Xn5]^-i(a),gf), 

/(9f)->-7fc 



because if V(/|s)(Qf ) = ywf V(pa|5)(<) with iif < then f{qf) > j+ 

-70+ 



for /(gj^) decreases to one of the 7i's. Similarly we see that A_^_^+ = 0. 
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Combining these equalities, we get the result when Bf = AjU/({pi, . . . ,Pi})- 
But if 7 ^ U U /(Sj,^) then x{Xn{f = 7+}) - x(X n {/ = 7}) = 0. 

□ 

Theorem 3.21. We have: 

I u u 

xix) = ^ ind(/, x,pi) + ^ n {/ < 7^+}) -^x{xn{f< 7^}) , 

1=1 fe=0 k=l 

I u u 

x{x) = J2 ind(-/, x,p,) + J2^{xn{f>j+})-J2 x{x n {/ > 7^}) • 

i=l k=0 k=l 

Proof. We prove the first equality in the case B{f) = f{{pi, ■ ■ ■ ,pi})UAf. 
For k € {1, . . . , u}, we have by Proposition 3.6: 

X{X n {/ < 7fe}) - x{X n {/ = j^}) = E ind(-/,X,p,) + A_/,_^„ 

x{xn{f<^+}) -x{xn{f = ^+}) = ^ ind(-/,x,p,) + A_^^_^+. 

i-f{Pi)<lt 

Hence, 

[x{x n {/ < 7fc+}) - n {/ < 7j)] - 

[x{X n {/ = 7fc+}) - X{X n {/ = 7it})] = J] ind(-/,X,p,), 

i-f{pi)=lk 

so: 



5^ [x{x n {/ < 7fe+}) - x(x n {/ < 7fe})] - 
ifc=i 

E n {/ = 7^) - X{X n {/ = 7fc})] = J2md{-f,X,pi). 

k=l i=l 

But, we remark that x{X r\ {f < 70"}) = x{X r\ {f = Jq}) because 
A_._^+ =0, which implies that: 



^x{xn{f< 7,+}) -^x{xn{f< 7^}) = 

A;=0 fe=l 

u u I 

E n {/ = 7,+}) - E n {/ = 7^}) + E x,p,) = 

i=l 

I 

x{X)-J2^nd{f,X,pi). 



k=0 k=l i=l 

I 



i=l 

□ 
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Corollary 3.22. We have: 

u 

E n {/ > 7,+}) - n {/ < 7fe+}) 

fe=0 

u 

-J]x(^n{/>7fe}) -x(xn{/<7fe}) = 

k=l 

I 

Eind(/,X,p,) -ind(-/,X,pj). 

i=l 

□ 

4. Case X = 

In this section, we apply our previous results to the case X = W^. In 
this case ind(/, = (— l)"ind(— /, = degp.V/, the local degree of 

V/ at Pi and ind(/, X,pi) = deg^V f , the degree of V/ at infinity, i.e 

the topological degree of : 5"^^^ S*"^^ where is a sphere of big 

radius R. Furthermore, fif^a = (— l)"'~^-^-/,-a and ji-f-a = (— l)"'~^A/^a- 
We can restate our result in this setting. 

Proposition 4.1. For all a G M, we have: 

x({/>a})-x({/ = «})= E degp,V/ + A^,«, 

x({/<«})-x({/ = «}) = (-ir E deg,^v/+(-ir-V/,a. 

«:/{Pz)<a 

□ 

Corollary 4.2. If n is even then for all a eR, we have: 
x({/ = a}) = 1 - degp.V/ - A/,„ + 

x({/>«})-x({/<«}) = E degp^V/- E degp^V/+A/,«+M/,a. 

i-f{Pi)>ce i:f{pi)<a 

If n is odd then for all a eM., we have: 

X({/ = a})=l- J2 degp^V/ + ^ deg^Vf - A/,^ + 

i-f{Pi)>oi i-f(Pi)<Oi 

x({/>«}) -x({/<a}) = E degp^V/ + A/,„ + 

□ 

The above formulas can be viewed as real versions of results on the topol- 
ogy of the fibres of a complex polynomial (see for instance [Pa] or [ST]). 
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Proposition 4.3. If n is even then, for all a € we have: 

x(Lk-({/ < a})) = x(Lk-({/ > a})) = 1 - deg^V/ - Aj,« + 

x(Lk°°({/ = a})) = 2 - 2deg^V/ - 2A/,« + 2//j,,. 
// n is odd then, for all a G M, we have: 

x(Lk~({/ < a})) = 1 - deg^V/ - A/,„ + 
x(Lk~({/ > a})) = 1 + deg^V/ + A/,« - 

□ 

We also obtain generalizations of Sekalski's formula [Se]. We keep the 
notations introduced in the general case. 

Theorem 4.4. We have: 

r r 

1 = deg^V/ + ^x(Lk-({/ < 6+})) -^x(Lk~({/ < k})) = 

i=0 i=l 

s s 

(-l)"deg^V/ + ^x(Lk~({/ > c+})) - 5^x(Lk-({/ > c})). 

i=0 i=l 

If n is even then we have: 

t t 

2 = 2deg^V/ + ^x(Lk-({/ = dj})) - ^x(Lk-({/ = d^})). 

j=0 i=l 

□ 

Theorem 4.5. If n is even, we have: 

u u 

1 = 2deg^V/ + J2 X{{f = it}) - E = 7fe}) , 

k=0 k=l 

u u 

1 = deg^V/ + J2x{{f< 7^) - ^ ^'^i)' 

fe=0 fc=l 

u u 

1 = deg^V/ + ^x({/ > 7fc+}) -J2x{{f> 7fe}), 

fe=0 A;=l 

Ex({/ > 7,+}) -X{{f< 7,+}) = ExU/ > 7.}) - X({/ < 7.})- 

k=0 k=l 

If n is odd, we have: 

i=Ex({/=7,+})-i:x({/=7fc}), 

fe=0 k=l 

u u 

1 = deg^V/ + Ex({/ < 7fe+}) - Ex({/ ^ ^^»' 



fe=0 A;=l 
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u u 



1 = -deg^V/ + Y.x{{f > it)) - E ^({/ ^ ^^}) ' 



fc=0 fc=l 



u 



u 



Ex({/ > 7,+}) - X[{f < it)) =Y.^{{f > 7fc}) - X{{f < Ik}) 

k=0 k=l 

+2deg^V/. 



We apply the results of Section 3 to the case of a generic linear function. 
Let X C be a closed semi-algebraic set. For v G S""^, let us denote by 
V* the function v*{x) = {v,x). Wc arc going to study the critical points of 
'^*xns"^^{a) ^ generic and R sufficiently big. 

Let Ti{X) be the subset of S^~^ defined as follows: a vector v belongs 
to Ti{X) if there exists a sequence {xk)kGN such that \\xk\\ — )• +oo and a 
sequence {vk)k&N of vectors in S'^~^ such that Vk -L Tx^S{xk) and Vk — > v, 
where S{xk) is the stratum containing Xk- 

Lemma 5.1. The set Ti[X) is a semi-algebraic set of S"~^ of dimension 
strictly less than n — 1. 

Proof. If we write X = UaeASa, where {Sa)aeA is a finite semi-algebraic 
Whitney stratification of X, then we see that Ti(X) = UaQATiiSa)- Hence 
it is enough to prove the lemma when X is a smooth semi-algebraic manifold 
of dimension n — k, < k < n. 

Let us take x = {xi , . . . coordinate system for M" and {xo,x) 

for M"+^ Let be the semi-algebraic diffeomorphism between M" and 
S'" n {xo > 0} given by: 



Observe that {xo,x) = ip{z) if and only if z = The set ipiX) is a smooth 
semi-algebraic set of dimension n — k. Let M be the following semi-algebraic 
set: 



We will show that M is a smooth manifold of dimension n. Let p = {xq, x, y) 
be a point in M and let z = ip~^{xQ.,x) = —. In a neighborhood of z, X is 
defined by the vanishing of smooth functions gi, . . . ,gk- For i G {1, . . . ,k}, 
let Gi be the smooth function defined by: 



□ 



5. Application to generic linear functions 
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Then in a neighborhood of (xo,x), ip{X) is defined by the vanishing of 
Gi,...,Gk and Xq + xl + ■ ■ ■ + — 1. Note that for i,k G {1, . . . , n}^, 
|^(xo,a;) = ■i^§^{x)- Hence in a neighborhood of p, M is defined by the 
vanishing of Gi, . . . , G^, Xq + + • • • + — 1 and the following minors 
m 



iii2-ik+i, {ii,---,ik+i) e {I,-- - given by: 



m, 



l^2■■■^k+ 



dxi 



k+l 



ixo,x) 



dxi 



{xq,x) 



k+l 

Vik+i 



Since rank(V5i 



, Vi?fc) = A; at z 

l&(^o,x) •• 



(f ^(xo,a;), one can assume that: 



&(^o,x) 



^0. 



This implies that around p, M is defined by the vanishing of Gi, . . . , Gfc, 

nT-i...kk+i, ■ ■ ■ : 'mi...kn and Xg+xf H hx^— 1 (a similar argument is given and 

proved in [Dutl,§5]). It is straightforward to see that the gradient vectors 
of these functions are linearly independent. Then M\M is a semi-algebraic 



set of dimension less than n. li-Ky : M"+^ x ' 
on the last n coordinates, then we have Vi{X) 



M" denotes the projection 
n7rj/(M\M). □ 



// there exists a 



Corollary 5.2. Let v he vector in ^ and let a 
sequence {xk)ken of points in X such that: 

• ||Xfe|| +00, 

• ve iV^,5(xfc)©M(xfe - a), 

• limfc^+oo \v*{xk)\ < +00, 

then V belongs to Ti{X) (Here Nx^S{xk) is the normal space to the stratum 
S{xk)). 

Proof. We can assume that v = ei = (1, 0, . . . , 0). In this case, v* = xi. 
Since the stratification is finite, we can assume that {xk)kef^ is a sequence 
of points lying in a stratum S. By the Curve Selection Lemma at infinity, 
there exists an analytic curve p(t) :]0,e[^ S such that limt_j.o = +oo, 

liuit-^o Pi{t) < +00 and for t g]0, e[, ei belongs to the space Np(t-^S(B^{p{t) — 
a). Let us consider the expansions as Laurent series of the piS: 



Pi{t) = hit^i + 



i = \, . . . ,n. 



Let a be the minimum of the aj's 
straightforward to see that \\p{t) 



Necessarily, a < and ai > 0. 
a\\ has an expansion of the form: 



It is 



1^" + 



6 > 0. 
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Let US denote by ttj the orthogonal projection onto Tpf^^-^S. For every t g]0, e[, 
there exists a real number X{t) such that: 

n{ei) = X{t)Mp{t) -a) = A(t)||7r,(p(t) - a)l|^^|||^. 

Observe that if t is small enough, wc can assume that TTt{p{t) — a) does not 
vanish because S\\p(i^_a\\ (a) intersects S transversally. Using the fact that 
p'{t) is tangent to S at we find that: 

p'^it) = {p'{t),e,) = {p'{t),ntiei)) = X{t){p' {t),p{t) - a). 

This implies that ord(A) > ai — 2a. Let P be the order of j|7r((p — a)||. Since 
\\p{t) — a|| > \'Kt{p{t) ~ a)!!, /3 is greater or equal to a. Finally we obtain 
that ord(A||7r( — a)||) is greater or equal to a\ — 2a + P, which is strictly 
positive. This proves the lemma. □ 

Lemma 5.3. There exists a semi- algebraic set T2{X) C S^~^ of dimension 
strictly less than n — 1 such that if v ^ T2iX), then v*-^ has a finite number 
of critical points. 

Proof. It is enough to prove the lemma for a semi-algebraic stratum S of 
dimension s < n. Let Ng be the following semi-algebraic set: 

Ns = {{x, y) G R" X M" I x e 5 and y ± T^S}. 

Using the same kind of arguments as in Lemmas 2.2, 2.3, and 5.1, we see 
that Ns is a smooth semi-algebraic manifold of dimension n. Let 

TTy : Ns M" 
(x,y) y 

be the projection onto the last n coordinates. The Bertini-Sard theorem 
implies that the set D^^y of critical values of iTy is semi-algebraic of dimension 
strictly less than n. We take T2iX) = S"'"^ n D^.^. □ 
Let us set T{X) = Ti{X) U T2{X), it is a semi-algebraic set of S"'~^ of 
dimension strictly less than n — 1. If v ^ ^{X) then v^j^ admits a finite 
number of critical points pi, . . . ,pi. Moreover, if there is a family of points 
Qj^ in S n S'^^^ (a) such that Vv*g{qj^) = jij^V pa^silf)} where S* is a stratum 
of X, and jj,^ < then v*{q^) -co because v ^ Fi. Similarly if > 
then v*{qj^) — -|-oo. We conclude that the set A^* is empty and that for all 
a G R: 

^v*,a — l^v* ,a — ^—v*,—a — f^—v*,—a — 0- 

Hence, we can restate the results of Section 3 in this setting and get relations 
between the topology of X and the topology of generic hyperplane sections 
of X (see [Ti2] for similar relations in the complex setting). 

Proposition 5.4. If v ^ ^{X) then for all a G M, we have: 

x{Xn{v*>a})-x{Xn{v* =a})= indK,X,pi), 

i:v* {pi)>a 
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x{Xn{v* <a})-x{Xn{v* = a})= Yl ^^d{-v*,X,pi), 

v.v*{pi)<a 

x{Xn{v* =a})=x{X)- Yl indK,X,pi)- Yl ind(-i;*, X,^), 

i:v*{pi)>a i:v*(j>i)<a 

x{x n {v* > a}) - x{x n {v* < a}) = 

Y ind(i;*,X,pi) - ^ md{-v* , X , pi) . 

i:v*{pi)>a i:v*(pi)<a 

□ 

Proposition 5.5. If v ^ r(X) then for all a G M, we have: 

I 

x{hk^{Xn{v* <a})) =x{X)-Y''nd{v*,X,pi), 

i=l 
I 

x(Lk°°(X n K > «})) = X{X) - ^ind(-i;*,X,p,), 

1=1 

x(Lk~(x n K = «})) = 2x(^) - x(Lk°°(x)) 

- ^ ind('i;* , X, Pi ) - ^ ind(-i;* , X, Pi). 

j=i i=i 

□ 

Note that the functions /3 ^ x(Lk°°(X n {v*'!p})), ? G {<,=,>}, are 
constant on M. Theorem 3.20, Theorem 3.21 and Corollary 3.22 are also 
valid in this context. They have the same formulation as in the general case 
with the difference that B{v*) = v*{{pi, . . . ,p/}). 

As an application, we will give a short proof of the Gauss-Bonnet formula 
for closed semi-algebraic sets. Let Ao{X, — ) be the Gauss-Bonnet measure 
on X defined by: 

where [/ is a Borel set of X. Note that if x is not a critical point of 
v*-^ then ind(i'*,X, x) = and therefore that for v ^ ^{X)^ the sum 
^^g^ind(t'*,X, x) is finite. The Gauss-Bonnet theorem for compact semi- 
algebraic sets is due to Fu [Fu] and Broecker and Kuppe [BK]. 

Theorem 5.6. If X is a compact semi-algebraic set then: 

Ao{X,X) = x{X). 

Now assume that X is just closed. Let (i^_R)R>o be an exhaustive family 
of compact Borel sets of X, that is a family (i^R)j?>o of compact Borel sets 
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of X such that Ur^qKr = X and Kr g Kr: ii R< R! . For every > 0, 
we have: 

ko{x,x^^KR)= I [ Yl ^^d{y*,x,x)dv. 
Voi(5- ')Jsn-^^^^^^ 

Moreover the following limit: 

lim \^ md(v* , X,x), 

is equal to ^^g^^ ind(v*, X, x) which is uniformly bounded by Hardt's the- 
orem. Applying Lebesgue's theorem, we obtain: 

lim Ao(X, XHRr) = —— I- — ^/ lim "S^ md(v*,X,x)dv = 



-; — TT / 'S^ ind(v* ,X,x)dv. 



Vol(5 ..... .^^^ 



Definition 5.7. We set: 



Ao{X,X)= lim Ao{X,XnKR), 

i?->+oo 

where {Kr)r^q is an exhaustive family of compact Borel sets of X. 
Theorem 5.8. If X is a closed semi-algebraic set then: 
Ao(X,X)=x(X)-^x(Lk-(X)) 



2Vol(5^ 
Proof. We have: 

2Vol(g"-i) L-i £ ^' + X, x)dt; = 

2Vol(5^-i) - x(Lk~(X)) - x(Lk~(X n = Q}))dv, 

by Proposition 5.5. □ 
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